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Consider the Frobenius Problem: Given positive integers a l , . . . , a n  with a i > 2 and such 
that their greatest common divisor is one, find the largest natural number that  is not expressible 
as a non-negative integer combination of a l , . . . , an .  In this paper we prove that  the Frobenius 
problem is NP-hard, under Turing reductions. 

1. I n t r o d u c t i o n  

Consider the Frobenius Problem: Given positive integers a l , . . . ,  an with a i > 2 
and such that  their greatest common divisor is one, find the largest natural number 
that  is not expressible as a non-negative integer combination of a l , . . . , a n .  For the 
special case of n = 2 ,  the answer is explicity known, it is a l a 2 - a l - a  2 (see Theorem 
2.1). RSdseth [9], Selmer and Beyer [12], Greenberg [3] and Scarf and Shallcross 
[10] have developed algorithms to solve the Frobenius problem in the case n = 3. 
See [5, 11] for a further literature on the general problem. 

R. Kannan [6] gave a polynomial time algorithm for any fixed n. He also 
suggested that the problem should be NP-hard for variable n; however, no proof of 
this statement seems to be known [7]. Our aim is to confirm this statement. 

Theorem 1.1. The Frobenius problem is NP-hard. 

First, we briefly give some relevant aspects of computational complexity needed 
in this paper; for a detailed presentation see [4] and [2]. 

Decision Problems are problems having merely two possible answers: either 
yes or no. Suppose II and IIt are two problems, a polynomial time Turing reduction 
from II to IIt is an algorithm A which solves II by using a hypothetical subroutine 
A t for solving II ~, such that,  if A t were a polynomial time algorithm for IIt then A 
would be a polynomial time algorithm for II. We say that  II can be Turing reduced 
to I-i t. 
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A problem II is called (Turing) NP-hard if there is an NP-complete decision 

problenl II / such that H / can be Turing reduced to H. 

2. T h e  P r o o f  

Let a l , . . .  ,an be positive integers with ai >2 and such that  gcd(al , . . .  ,an) = 1. 
Let F ( a l , . . . ,  an) be the largest natural number p such that p is not a non-negative 
integer combination of a l , . . . ,  an. Note that the fact that gcd(a l , . . . ,  an) = 1 implies 
that  F ( a l , . . . , a n )  exists. 

Theorem 2.1. [1] (Brauer-Shockley) 

F ( a l , . . . , a n )  = max t~ - an 
e~{1,2,...,an-1} 

where te = the smMlest positive integer congruent to ~ modulo an, that is expressible 
as a non-negative integer combination of a l , . . . ,  an-1. 

Proof. Let S be any positive integer. If S - 0  (mod an) then S is a non-negative 
integer combination of an. If S - g (mod an) then S is a non-negative integer 
combination of a t , . . . ,  an if and only if S > te. | 

We shall prove Theorem 1.1 by giving a Turing reduction from the Integer 
Knapsack Problem [IKP], which is known to be NP-complete ([8], page 376). 

Input: Positive integers bl, . . . ,  bn and t. 

n 

Question: Does there exist integers xi >_ O, with 1 < i < n, such that  ~ xib i = t ? 
i=1 

We will prove that, by using an hypothetical subroutine A that solves the 
Frobenius problem, we may create an algorithm B for solving [IKP] as follows. 

Let gc d (b l , . . . , bn )= r .  We may assume r =  1, otherwise consider [IKP] with 
/ _ t  t _ ~  for e a c h i = l  ,n, a n d t - 7 .  input b i -  r ' " '"  

Algorithm B 
Find F(b l , . . . ,  bn) 
I f  t> F(b l , . . .  ,bn) then 

Else 

n 

There exist integers xi >0, l <_i<_n, such that ~ xib i =t.  
i=1 

Find F(b l , . . . , bn ,bn+l )  where bi = 2bi for each i = 1 , . . . , n  and 1)n+l = 

2F(bl , . . .  ,bn)+ 1 (note that gcd(bl, . . .  ,l)n+l) = 1 since gcd(bl , . . .  ,bn) = 

2 and bn+l --- 1 (mod 2)) Find F([~l,...,{~n,bn+l,bn+2) where l)n+2 = 

F ( ~ , . . . ,  bn+~) - 2t. 

We need the following proposition before proving Theorem 1.1. 



COMPLEXITY OF THE FROBENIUS PROBLEM [45 

Proposition 2.2. Let bi for each i = 1 , . . . , n ,  a n d  t)i for each i = 1 , . . . ,  n + 1 be as in 
algorithm B. Then F(bl , . . .  , bn+ l )=4F(b l , . . .  ,bn) + 1. 

Proof. Let g be an integer such that g > 4F(bl , . . . ,  bn) + 1. Let g~ = g -  fbn+l where 
g=-g (rood 2). If f = 0  then J = g > 4 F ( b l , . . . , b n ) + l > 2 F ( b l , . . . , b ~ ) .  Otherwise, 
if ~ = 1 then 

g' = g -  bn+l > 4F(b i , . . . , bn )  + 1 - (2F(b l , . . . , bn)  + 1) = 2F(b l , . . . , bn ) .  

Hence, g~ > 2F(b], . . .  ,bn) and since J - 0  (rood 2) then g/ is expressible as a 

non-negative integer combination of bl, . .- ,bn. Therefore, g is also expressible as a 
non-negative integer combination of ~)l,...,bn+l- 

We prove now by contradiction that  4F (b l , . . . , b n ) + 1  is not expressible as a 

non-negative integer combination of (Jl,..., bn+l. 

n-l-1 
Suppose there exist integers xi >_ 0, 1 < i < n + 1, such that ~ 2ib i = 

i=t 
4F(b l , . . . ,  bn) + 1. Since 4F(bl .... , br,.) + 1 ~ 0 ( rood 2) then xn+l >_ 1. 

On the other hand, if ~:n+l _> 2 then xn+] bn+l > 4F(b l , . . . ,  bn) + 1 so xn+l _< 1. 
Therefore xn+t = I, thus 

E x i b i  + bn+l = 4F(b l , . . . , bn )  + 1 
i=1 

and 

then 

= 2 F ( b l , . . . ,  bn) 
i=1 

= r ( b l , . . . , b n ) ,  
i = 1  

which is impossible. 

Hence, 4F(bl , . . .  ,bn)+ 1 is the largest natural number that  is not expressible 
as a non-negative integer combination of bl,... ,$7~+I. | 

We may prove now Theorem 1,1. 

Proof of theorem 1.1. Let t < F(bl , . . .  ,bn). We claim that there exist integers xi >__ 0 
?2 

with 1 < i < n, such that ~ xibi = t if and only if F(bl,.. . ,/~n+2) < F(bz , . . . ,  bn+ ~)- 
i=1 
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n 

Assume tha t  there exist integers x i > O, 1 < i < n, such tha t  ~ xib i = t.  So,  
i=1  

xibi = 2t and since {Jn+2 = F ( b l , . . . ,  ~)n+l)  -- 2t then 
i=1  

n + 2  

=  xSi. 
i=1  

Hence, F(1)l , . . . ,  bn+2) < F ( ; 1 , . . . ,  bn+l). 

Conversely, assume F(D1,...,T)n+2) < F(1)l, . . . ,1)n+l). By Proposit ion 2.2 we 
have, 

n + 2  

F ( T ) I , . . . , ~ ) n + I )  = 4 F ( b l , . . . ,  bn) -F 1 = E xi~)i 
i=1  

for some integers xi >_ O, with 1 < i < n + 2. 
Since F(~)l , . . . , l )n+l)  is not expressible as a non-negative integer combination 

of b l , . . . ,  bn+l then Xn+2 2 1. 
On the other hand, from 

Xn+2t)n+2 = xn+2(F(b l , . . . ,  ; n+ l )  - 2t) 

and 

we have 

2t < 2F(b l , . . . , bn )  < 
4 F ( b l , . . . ,  bn) -]- 1 

x n + 2 f ) n + 2 > x n + 2 ( 4 F ( b l , . . . , b n ) + l - ( 4 F ( b l ' " 2 ' b n ) + l ) )  

Thus, if Xn+2 >_ 2 then Xn+2bn+2 > 4F(bl , . . .  ,bn) + 1 so Xn+2 _< 1. Therefore 
Xn+ 2 -=-- 1, so 

n + l  

4 F ( b l , . . . ,  bn) + 1 = E xibi + t)n+2 
i=1  

and 

then 

n + l  

4F(bl  . . . .  ,bn) + 1 = E xil)i + F ( b l , . . . , b n + l )  - 2t 
i=1 

n+ l  

2 t =  E xibi. 
i=1  
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Final ly ,  bn+l  = 2F(b l , . . . ,  bn) + 1 > 2t leads to  Xn+l = 0. Therefore ,  

n 

2t = E xibi 
i=1 

n 

and  t = ~ xibi. | 
i=1 
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